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Abstract. In this note, we prove that, for a finite-dimensional Lie algebra g over a field K of characteristic which 
contains C, the Chevalley-Eilenberg complex U(g) <8> A(g), which is in a natural way a deformation quantization of the 
Koszul complex of S(g), is Aoo-quasi-isomorphic to the deformation quantization of the Aoo-bimodule K = K provided 
by the Formality Theorem in presence of two branes 0. 



1. Introduction 

Let K be a field of characteristic 0. To a general finite-dimensional Lie algebra g we may associate a natural 
complex, the Chevalley-Eilenberg chain complex CE(g) = U(fj) ® A(g), where U(g), resp. A(g), denotes the UEA 
(short for Universal Enveloping Algebra), resp. exterior coalgebra, of g. 

. Remark 1.1. In fact, a(jj) is naturally a graded commutative algebra: in the framework of Koszul duality, A(g) has 
7— I ' to be regarded as the Koszul dual coalgebra of S(g). 

o : 

^vq , We observe further that we consider on CE(g) a non-standard non-positive grading, so as to make the differential 
' of degree 1. 

It is obvious that CE(g) inherits a left U(g)-action, which makes it into a complex of left U(g)-modulcs; it is also 
• well-known that the cohomology of CE(g) is concentrated in degree 0, where it equals the augmentation module K 

I over U(g). 

Furthermore, CE(g) inherits via contraction a dg right action from the dg algebra (A(g*),d,A) (the Chevalley- 
Eilenberg complex of g with values in the trivial g-module K), thus turning CE(g) into a dg (U(g), -)-(A(g*), d, a)- 
bimodule. In particular, the complex CE(g) has a structure of Aoo-(U(g), -)-(A(g*), d, A)-bimodule. 

The complex CE(g) is actually the Koszul complex of the inhomogeneous Koszul algebra U(g), see e.g. the theory 
of inhomogeneous quadratic algebras developed in [TT], [TUl Section 3.6]. 
,-£h ! On the other hand, setting A = S(g) and B = A(g*), both regarded as commutative dg algebras with trivial 
"j^ ■ differential, the graphical techniques of Kontsevich permit us to endow K = K with a non-trivial structure of A^-A- 
^ | £?-bimodule, see [TJ Subsection 6.2] and later on for more details. This Aoo-bimodule structure is a key ingredient in the 

1 " formulation of a Formality Theorem for the Poisson manifold X = q* in presence of the two coisotropic submanifolds 

U\ = X and U2 = {0} (observe that the natural Kirillov-Kostant Poisson structure on X vanishes at 0). The (graded) 

■ Formality Theorem of Kontsevich [8] produces i) an associative algebra (S(g), *), with (non-commutative!) product 
\ * out of A and ii) a dg algebra (A(g*),d, a) with standard wedge product and Chevalley-Eilenberg differential d out 

■ of B. Moreover, the Formality Theorem in presence of two branes [T] yields a corresponding deformation quantization 
Q> \ of the Aoo-A-i3-bimodule K into an Aoo-(S(g), *)-( A (g*), d, A)-bimodule, which, by abuse of notation, is still denoted 
l/") '• by K. 

\f} \ It has been proved e.g. in [HI Subsection 8.3] or in [2] Subsection 3.2] that (S(g),*) is isomorphic to (U(g),-) as 

■ an associative algebra; in [14], it has been proved that the (left) augmentation module K over S(g) deforms to a left 
T ~~ ' ! (S(g), *)-module. Therefore, there is an isomorphism of dg bimodules from the dg (U(g),-)-(A(g*),d, A)-bimodulc 

I • CE(g) to the (S(g), *)-( A (g*), d, A)-bimodule S(g)® A(g) with due changes in the differential and in the left module 
' structure. 



Theorem 1.2. The (deformed) A 00 -(S(g),+)-(A(g*),d,A)-bimodule K is A^-quasi-isomorphic to the Aoo-(S(g), *)- 
(A(g*),d, A)-bimodule S(g) ® A(g). 

For a finite-dimensional K-vector space V, it has been proved in [S] that the Koszul complex K(A) of the Koszul 
algebra A = S(^), viewed as a dg A-B-bimodule, B = a(V^*), is Aoo-quasi-isomorphic to K = K with the non-trivial 
Aoo-A-B-bimodule structure described in [T]. 

The Chevalley-Eilenberg complex CE(g), as already remarked, is the Koszul complex of the quadratic-linear 
Koszul algebra U(g): CE(g) admits a nice description in terms of deformation quantization of the Koszul complex 
of A = S(g). 
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The natural question arises, whether CE(g) is -quasi- isomorphic to the deformation quantization of K in the 
sense of [JQ: Theorem 11.21 provides a positive answer to this question. 

The strategy of the proof mimics the one adopted in the proof of [6l Theorem 1.2]: namely, setting (again by 
abuse of notation) A = (S(g), *) and B = (a({j*), d, a), we prove that both morphisms in the sequence 

S(&) ® A (g) ^ A® A K -> K 

are quasi-isomorphisms of Aoo-bimodules. (-® A —) denotes the tensor product of Aoo-bimodules, defined in Section[31 
Since both A and B are strictly unital algebras and K is a strictly unital Aoo-A-B-bimodule, the Aoo-tensor product 
A®_ A K is Aoo-quasi-isomorphic to K. On the other hand, the natural inclusion from S{q) <S> a(jj) ^ A® A K defines 
a strict Aoo-quasi-isomorphism of Aoo-bimodulcs: this is the non-trivial part of the statement, and is proved by 
inspecting carefully the deformed Aoo-bimodule structure on K . 

Acknowledgments. We thank B. Vallette for having carefully read a first version of this note and for having 
pointed out the connection to inhomogeneous quadratic algebras and related Koszul duality theory, M. Duflo for 
having elucidated to us the idea which has been presented in Subsection 14.21 and for having carefully read a first 
version of this note, and the anonymous referee for many useful comments and suggestions. 

2. Notation and conventions 

Throughout the paper, K is a field of characteristic 0, which contains C. Let g be a finite-dimensional Lie 
algebra over K and g* its dual over K. Further, we denote by {xi}, i = 1, . . . ,d = dimV, a basis of g: this specifics 
automatically global linear coordinates on g*. We further denote by ir the Kirillov-Kostant-Souriau linear Poisson 
structure on g*: if we consider the algebra O(X) of global regular functions on A = g*, we have O(X) = S(g) and 
the Lie bracket on g extends to a biderivation {•,•} on O(X), which obviously satisfies the Jacobi identity, hence 
defines a Poisson bracket on 0(A). The corresponding Poisson bivector field n is expressed w.r.t. the coordinates 
{xi} via 7r = f j^Xkdidj, suppressing wedge products for the sake of brevity. 

Let grMod K be the monoidal category of graded vector spaces, with graded tensor product, and with inner spaces 
of morphisms (i.e. we consider morphisms, which are finite sums of morphisms of any degree); [•] denotes the degree- 
shifting functor on grMod K . In particular, the identity morphism of an object M of grMod K induces a canonical 
isomorphism s : M ->■ M[l] of degree -1 with inverse : -A/[l] -* M (suspension and de-suspension isomorphisms): 
for the sake of simplicity, we will Cartan's notation 

(v%\— \v n ) = s(vi) ® ••• ® s(v n ). 

The degree of an element m of a homogeneous component of an object M of grMod K is denoted by \m\. Unadorned 
tensor products are meant to be over K. 

An Aoo-algebra structure over A, an object of grMod K , is equivalent to the existence of a codifferential on the cofrcc 
coalgebra with counit on T(A[1]) = ©„>o A[l]®" cogcncratcd by A[l]. The codifferential d^ is uniquely determined 
by its Taylor components 

d n A :A[lf n ^A[l], n>0, 

all of degree 1, and the condition that d^ squares to translates into an infinite family of quadratic relations between 
its Taylor components. We further set m A = (-1) = s _1 od]o s®". By construction, m A are K-linear maps from 
A® n to A of degree 2 - n. We refer to m A as to the curvature of A: it is an element of A of degree 2, which measures 
the failure of (A,m A ) to be a dg (short for "differential graded") vector space over K. If m^ = 0, then A is said to 
be flat. 

Remark 2.1. A dg algebra (j4,dA,m^) is a flat Aoo-algebra by means of the Taylor components 

d^ = .sod A o S - 1 , d A = -som A o( s - 1 )® 2 , d 7 X = 0, n>3. 

In particular, a flat Aoo-structure on a dg vector space A concentrated in degree is equivalent to an associative 
algebra structure on A. 

Given two Aoo-algebras A, B, an Aoo-A-B-bimodule structure on an object K of grMod K is equivalent to the 
existence of a codifferential on the cofrec bicomodule T(A[1]) ® K[l] ® T(_B[1]) which is compatible with the 
codiffcrentials on T(A[1]) and T(B[1]). As for Aoo-algebras, such a codifferential dj{ is uniquely determined by its 
Taylor components 

d rn,n . A ^9m ® 3 K [l], m, U > 0, 

all of degree 1. As before, we introduce the maps m£' n = (-1) 2 ^s -1 o d^' n o s ® m + 1 +™ ; f degree 1-m-n. 
The condition that dx squares to is equivalent to an infinite family of quadratic relations between the Taylor 
components of d^, ds and dif . For more details on Aoo-bimodules over ^loo-algebras, we refer to [U Sections 3-4]. 
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Remark 2.2. Given two dg algebras (A,&a,™-a) and (-B,ds,niB), which in virtue of Remark 12.11 may be regarded 
as flat Aoo-algebras, a dg A-B-bimodule structure on K is equivalent to an Aoo-A-B-bimodule structure on K with 
Taylor components 

d^- = s o djf o s , d^ =-somj,o(s ) , d^ =-som^o(s , d K =0, m + n>2, 
where d^c, resp. m^, resp. m#, denotes the differential, resp. the left A-, resp. the right B-action, on K. 

It is not difficult to verify that an A^o-algebra A can be turned easily into an yloo-^l-^l-bimodule by declaring 
d™'™ = d™ + ™ +1 , m,n>0: this obvious observation will play an important role in later computations. 

It is important to observe that, if A and B are both flat, then an A<x,-A-i?-bimodule structure on K restricts to a 
left Aoa-A- and right A TO -i3-module structure on K respectively in the sense of [TIE] ■ On the other hand, if cither A 
or B or both have non-trivial curvature, the Aoo-bimodulc structure does not restrict to (left or right) Aoo-modulc 
structures, see e.g. [3] and [TJ Subsection 4.1]. 

An Aoo-algebra A is said to be strictly unital, if it possesses an element 1 of degree 0, such that 

m^(l ® a) = m^(a® 1) = a, m^(ai ® — ® a n ) = 0, n + 2, 

if cti = 1, for some i = 1, . . . ,n. If A is strictly unital, and K is an Aoo-^i-B-bimodule, then K is strictly (left-)unital 
w.r.t. A, if the identities hold true 

m)f(l®k) = k, m™'"(ai®-"®a m ®fc®&i® •••»&„) = 0, m+1, n > 0, 

if a; = 1, for some i = 1, . . . ,m. Similarly, one defines a strictly (right-) unital vloo-bimodule structure on K . 

Given two Aoo-algebras A, B, an Aoo-morphism from A to B is a coalgebra morphism ip : T(A[1]) -> T(B[1]) of 
degree and compatible with the respective codifferentials. The cofreeness of T(A[1]) and T(£?[l]) implies that an 
Aoo-morphism ip is uniquely determined by its Taylor components 

<p n : A[l]® n B[l], n > 0, all of degree 0. 

Similarly, given two j4,x, -algebras A, B and two Aoo-A-B-bimodulcs K\, K%, an A,*, -morphism from K\ to K 2 is a 
morphism of bicomodules ip : T(A[1]) ® A"i[l] ® T(S[1]) T(A[1]) ® K t [l] ® T(B[1]) of degree and compatible 
with the respective codifferentials: as for Aoo-morphisms between A^-algebras, ip is uniquely determined by its Taylor 
components 

Of course, the compatibility with the codifferentials translates into a complicated infinite family of polynomial identi- 
ties w.r.t. the Taylor components of all codifferentials and morphisms (which are linear w.r.t. the Taylor components 
of the codifferentials). 

A morphism ip of A M - algebras, resp. ip of Aoo-bimodulcs, is said to be strict, if its only non-trivial Taylor 
component is ip 1 , resp. ip < . 

Finally, we denote by h a formal parameter ("Planck's constant"). For an object V of grMod K , we set Vh = V\[h]\: 
it is a graded, topologically free IK[[fi,]]-module (here, the degree of h is set to be 0). In particular, we may consider 
the category grMod K pj of graded, topologically free KJfiJ-modules: it is a symmetric monoidal category with the 
topological tensor product over K[[ft,J]. 



3. The A^-bar construction 

In this Section, we briefly review the main features of the tensor product between Aoo-bimodules, focusing on the 
Aoo-bar construction associated to a strictly unital Aov-A-B-bimoduie K over two flat, strictly unital A^-algebras 
A, B: we refer to [SJ Section 3] for more details, recalling here only the main formula? needed for later computations. 

For three Aoo-algebras A, B and C, an Aoo-A-B-bimoduie K\ and an A 00 -I?-C'-bimodule K 2 , we consider the 
tensor product of K\ and K 2 over B, as an element of grMod K 

K 1 9 S K 2 =K X 9 T(B[1]) ® K 2 , 
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whose Aoo-bimodule structure can be explicitly given in terms of its Taylor components via 
d K'^ B K 2 ( a ^\"'\ a m\h ® (bi\—\b q ) ® k 2 \ci\—\c n ) = 0, m,n > 

d K\l ir>i|-KI*i ® (&i|-|M ® fe) = E*(* _1 (dS'(oi|-|aml*iN-|&i)) ® ® to) . ™ > 

_B z=o 

9 



(1) 



s - 1 (d^'"(& ;+1 |-|6 g |fc 2 |ci|-|c„)) , n > 0, 
ft * 2 ( s ( fc i ® 16,) ® fea)) = f> (* _1 (d^(*i|6i|-|6i) ® ® fe) + 

- B 1=0 

+ E (-1) 0fel-i)+2:S.x Cl^ l-i) a ( fe 3 ( bl |...| d P (6 J+1 |...|6 i+p )|...|6 g ) 9 fc 3 ) + 



0<Z<q 
0<p<g-i 



That the Taylor components ((TJ) truly describe an Aoo-^-C-bimodulc structure on K\®_ B K2 can be checked by 
straightforward computations; a more conceptual proof has been given in [HJ Proposition 3.3]. We observe that, if 
both A, C are flat, the Taylor component k 2 yi°lds a structure of dg vector space on K±® B K2 (while B may 

have non-trivial curvature). 

Now, let A, B be two A algebras, and K be an Aoa-A-B-hxmodvAc K. We may thus form the ^,^-yl-B-bimodulc 
A§>_ A K (viewing A as an Aoo-A-A-bimodulc); similarly, we may consider the ^oo-A-B-bimodulc K®_ B B. 

There is a natural ^oo-morphism fj, of J 4 cx) - J 4-.B-bimodulcs from A® A K to K , whose Taylor components are given 
explicitly by 

H m ' n (ai\—\a m \a® (ai\—\a q ) ® fc|6i|--|6„) = 

= (-l)ZZM«,\-i)^U(\^\-V m ,n,q>0. 
Similar formulae hold true for the case of the A 00 -y4-i3-bimodule K®_ B B. 

Proposition 3.1. For two A^-algebras A, B and an A^-A-B-bimodule K, there is a natural A oa -mor"phism \i, 
defined by (|2J), of A^-A-B-bimodules from A®_ A K to K. 

If A, B are both fiat, and A, K are strictly (left-)unital, then the A oa -mor , phism ^ is an A^-quasi-isomorphism. 

We refer to [51 Subsection 3.1] for a proof of Proposition 13. II 

4. The Chevalley-Eilenberg complex of a finite-dimensional Lie algebra q 
Let g be as in Section [2l Its Chevalley-Eilenberg chain complex CE(fl) is defined as 



CE'(fl) 



[U(fl)®A-«(fl), q<0, 
:{0}, q>0. 



Observe that we use a non-positive grading on CE(g), making it actually into a cochain complex (this is actually 
different from the classical convention, but we prefer to deal with a differential of degree 1); still, CE(g) is referred 
to as the Chevalley-Eilenberg chain complex in the main literature. 

We now make use of the identifications A(g) = K[0j] and a(jj*) = K[9eJ, i = 1, . . . , d, d = dimg, where 0, is an odd 
variable of degree -1, i.e. 9i8j = -6j6i, for i, j in {1, . . . ,d}. Consequently, the derivative dg i has degree 1, acts on 
generators of K[0j] via dg^j = Sij and further satisfies the graded Leibniz rule (from the left) 

deXhh) = {deji)h + (-lf ll .fi(dej2), fj eK[J,], j = 1,2. 

In particular, we have the identification CE(g) = U(g)[#i] of graded vector spaces. 
The Chevalley-Eilenberg differential d on CE(g) is given by 

(3) = i(-i) k+1 (u-x ik )(e il -eT k -e ig )+ £ (-i) fc+ V4,^(^^-C-C-^), 

k=l l<k<l<q 

where • denotes the associative product on U(g), and /*j denote the structure constants of g w.r.t. the chosen basis. 
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The associative algebra structure on U(g) makes CE(g) into a left U(g)-module in an obvious way: we denote the 
left action by m^, thus 

(4) U(fl) ® CE(fl) 3 m ® (uO 1 ) (ui • u)0 7 e CE(fl), 

for some ordered multi-index I. 

Now, K[9gJ acts naturally on CE(jj) from the left: therefore, we may turn CE(g) into a right A(g*)-modulc 
simply via 

(5) CE(fl) ® A( fl *) = U( fl )[fli] ® K[0 fli ] 9 (ufl 7 ) ® 9/ ^ (-l^'-V^ 7 )) e U( fl )[0i] = CE(g), 

for two ordered multi-indices /, J. 

Observe that, since g is a Lie algebra, A(g*) = K[9gJ is endowed with a map of degree 1, which we denote by d, 
which is uniquely defined on the generators dg i by the formula d(9ej = fjf.d$ ;j de k extended to the whole algebra by 
means of the graded Leibniz rule (from the left): the Jacobi identity for the Lie bracket on g implies that d squares 
to 0. 

We recall the augmentation map e from U(g) to IK. 

Proposition 4.1. The morphisms @ and ((5]) endow CE(g) with a dg (U(g) 1 -)-(A(g*),d 1 A)-bimodule structure; 
further, the augmentation map e defines in an obvious way a quasi-isomorphism of dg bimodules from CE(g) to K. 
where the latter is endowed with the obvious structure of (U(g),-)-(A(g*),d, /\)-bimodule. 

Proof. The fact that <j3j> squares to is an elementary check using the Jacobi identity for g and the fact that the 
commutator of two elements of g inside U(g) equals their Lie bracket (as an element of g); since U(g) is concentrated 
in degree 0, one has only to verify that the left action (0| is U(g)-lincar, which is clear from its definition. 
It remains to prove the following identity 

d CE (m R ((u0 J ) ® dj) = m fl (dc E (u0 J ) ® d$) + (-lfWduO 1 ) ®d(d/)), uO 1 e CE(g), d J e e a( *), 

where we have used the identifications CE(g) = U(g)[0j] and A(g*) = K[9eJ. The proof of the previous identity 
is equivalent to the proof that the left action of K[9eJ on U(g)[6>.;] by U(g)-linear translation-invariant differential 
operators is compatible with the corresponding differentials. 

The U(g)-linearity of the translation invariant differential operators implies that it suffices to show 

(6) d CE (4(0 J )) = (d(#))(0 J ) + (-l)l J l4(d CE ^), 

for two multi-indices I = . . . ,i p ) and J = (ji, ■ ■ ■ , j q ), such that 1 < i\ < ■■■ < i p < d, 1 < ji < ■•■ < j q < d and 
dg = dg ii ---dg i , 6 J = 8j 1 ---9j q . Identity ((HJ) is trivially satisfied if p = |/| > | J| + 1 = q + 1: thus, we assume p < q+ 1. 
Explicitly, we get 

d(d e 7 )= £ s(h,i)f^ k}UI ^, d CE (9 J )= £ s(j 1 ,j) XJl e I ^ + y, <Ji,J2,J)fX, J2 e^ UI ^, 

where e.g. the sign e(Ii,I), for an ordered subset I\ of /, is uniquely specified by 8 1 = e(Ii,I)9 Il 9 1 ^ 11 . Identity ^ 
follows then from the previous two expressions by a direct computation. 

The left (U(g), -)-action and the right (A(g*), d, A)-action on CE(g) arc compatible in virtue of the aforementioned 
U(g) -linearity of the right A(g*)-action. 

See e.g. [T31 Theorem 7.7.2] for a proof of the fact that e is a quasi-isomorphism. □ 

In particular, Proposition ^. ll implies that CE(g) inherits a structure of A 00 -(U(g), -)-(A(g*), d, A)-bimodulc, whose 
cohomology is concentrated in degree and equals K. 

4.1. The Chevalley Eilenberg complex as a Koszul complex. We highlight in the present subsection the fact 
that CE(g), for g as above, is the Koszul complex of U(g). 

First of all, U(g) is a quadratic- linear algebra using the language of [TUl Section 3.6], i.e. it is the quotient of a 
free algebra w.r.t. the two-sided ideal generated by R, a linear subspace of g ffi g® 2 . 

The construction of Koszul resolutions for quadratic- linear algebras traces back to pj] , who regards the Chevalley- 
Eilenberg complex CE(g) as the Koszul complex of U(g); the general theory of Koszul duality for quadratic-linear 
algebras may be found in [101 Section 3.6]. We recall in the following some relevant features thereof without entering 
into the details. 

In the case at hand, the two-sided ideal R is spanned by elements of the form x\ ® Xj - Xj ® xi - \_Xi,Xj\ for a basis 
{xi} of g as above. Observe that the linear term can be regarded as the image of Xi ® Xj - Xj ® Xi in g® 2 w.r.t. the 
Lie bracket onto g. 
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The Koszul dual dg coalgebra of U(g) identifies as a graded vector space with A(g): a more proper notation for the 
Koszul dual coalgebra would be A c (g) to highlight the fact that a(jj) is endowed with the natural shuffle coproduct. 
The codifferential d2 on A c (g) is induced by the Lie bracket, which determines the linear term in quadratic-linear 
relations for U(g): it is given by the second term on the right-hand side of ((3]), setting u = 1. We observe that in the 
standard theory of Koszul resolutions, A c (g) would be positively graded and the codifferential would have degree -1: 
we prefer to use the non-standard non-positive grading to make the codifferential of degree 1. 

The Koszul dual dg algebra of U(g) is the graded dual algebra of (a c (jj), A, d2): it readily identifies with the 
cohomological Chevalley-Eilenberg complex (a(jj*), A,d). The grading on (A(g*), A,d) is non-negative by our non- 
standard choice of grading on the Koszul dual dg coalgebra. 

The first term di on the right-hand side of ([3]) admits an interpretation in the theory of Koszul duality for quadratic- 
linear algebras: the identity map of g induces an isomorphism of degree -1 from g to g[l], hence a morphism n from 
A(g) to U(g), where a(jj) = A c (g) but with non-positive grading via 

A(fl)=S(fl[l])-fl[l]Sfl-U(fl), 

where the first map is simply the natural projection onto the piece of degree -1. The map n is a twisting cocycle as 
defined in [TUJ Chapter 2], and di = d K , the twisted differential induced by K. 

We finally observe that A(g) is a dg subcoalgebra of the bar complex of U(g): the natural inclusion from A(g) <-+ 
T(U(g)) will be revisited in Section [3 Formula (|T2|). 

4.2. The Chevalley Eilenberg complex as a deformation quantization of the Koszul complex of S(g). 

We discuss here briefly an approach to the Chevalley-Eilenberg complex CE(g) in the framework of deformation 
quantization: its has been suggested to us by M. Duflo, but whose origin traces back to P. Cartier according to 
M. Duflo. 

For a Lie algebra g over IK as above, we consider the graded vector space "g = g ffi g[l] concentrated in degrees -1, 
0. The adjoint representation of g on itself endows g" with the structure of a graded Lie algebra. 

Observe that the symmetric algebra S("g) identifies canonically with the graded vector space S(g)® A(g) underlying 
the Koszul complex of A = S(g). 

Since "g is a finite-dimensional graded Lie algebra, we may consider its UEA U("g), which has an obvious structure of 
graded associative algebra: there is an isomorphism of graded vector spaces from S^) to U("g) , the PBW isomorphism. 
If {xi} denotes a basis of g and {9i} a basis of g[l], we may consider {xi, . . . ,Xd,0i, ■ ■ ■ ,0d} as an ordered basis of g~: 
this yields a PBW basis of U("g), which in turn permits to identify U^) with U(g) <S> A(g). 

Obviously, g is a Lie subalgebra of "g, hence U(g) is a subalgebra of U('g): the previous identification implies that 
U(g) <S> A(g) is a left U(g)-module with the obvious module structure. 

The Koszul differential on S("g) can be twisted w.r.t. the PBW isomorphism: upon the identification \J(g) = 
U(g) ® A(g), the twisted Koszul differential dx equals the differential ©. Namely, the twisted Koszul differential is 
a graded derivation of U(g) ® A(g) of degree 1, and it suffices to evaluate it on the generators {x^, {0i}, whence 

d K (u(fln-fli,)) = i(-l) k -M0n--e ik _ 1 x lk 9 tk+1 ---9 tq ) = 

k=l 

= i{~i) k - 1 {u.x lk ){e ll -eT k -e lq ) + £ ( iV'7; ; ., ...<>;■;. .:<7;...o, : ). 

fc=l l<k<l<q 

where we have used the graded commutation relations [xi,9j] = f^Ok and [#,-, 9j] = in U('g) = U(g) ® A(g). Observe 
that the Koszul complex S("g) is acyclic by means of an explicit homotopy: twisting this homotopy w.r.t. the PBW 
isomorphism yields an explicit homotopy for the Chevalley-Eilenberg complex of g. (Of course, to write down the 
explicit homotopy on U(g) <8> A(g) requires some work.) 

The right A(g*)-action on S(g~) defines in an obvious way a right weG?(?e(g*)-action on U('g): the fact that the 
former action does not intertwine g with g[l] implies that the latter action identifies with ((5|). 

Further, U(g~) is a (graded) cocommutative coalgebra: U(g) and A(g) are obvious cocommutative subcoalgebras. 

Thus, the previous arguments show a simple way to obtain the Chevalley-Eilenberg complex of g from the Koszul 
complex of the graded Lie algebra "g by means of deformation quantization: namely, deformation quantization a la 
Kontsevich works in the graded case as well 

4.3. The dg bimodule structure of the Koszul complex. We want finally to briefly discuss a nice, general 
feature of the Koszul complex K(A) of a quadratic algebra A generated by a finite-dimensional vector space V over 
K. 
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Proposition 4.2. Let A = T(V)/R be a quadratic algebra generated by a finite- dimensional vector space V over K; 
R denotes the two-sided ideal generated by a subspace R ofV® 2 . Then, the Koszul complex K(A) of A has a structure 
of dg A-A' -bimodule, where A' is the Koszul dual algebra of A. 

Proof. We give a sketch of the proof. 

If A = T(V)/R, the Koszul complex K(A) can be written as K(A) = A® A', where B is the Koszul dual coalgebra 
of A. More explicitly, A is a subcoalgebra of the cofree coassociative tensor coalgebra T C (V) with counit cogenerated 
by V given by 

n-2 

(A')°=K, (A 1 ) 1 = V, T n ' c (V) 2 (A') n = H V 9i 9R9V 9( - nr - 3 ~ ii t n>2. 

i=0 

We write A for the coproduct on B: the opposite coproduct A op is simply the composition of A with the natural 
twist on A' ® AK We denote by A + the coproduct the cofree coassociative tensor coalgebra T C ' + (V) - ©„>i V® n 
without counit. 

The Koszul dual algebra A ] of A is defined as the dual of {A, A op ): as a graded vector space, it identifies with 
T(F*)/i? 1 , where R 1 denotes the two-sided ideal of T(V*) generated by the annihilator of R in V* ®V* . We observe 
that we use a different convention for the product on A': in fact, we use the opposite of the natural product in order 
to get a right A'-action on K(A). 

We define a map from K(A) ® A' to A' via the composite 

K(A)®A- = A® A® A ] 10A01 : A® A® A'® A- — 1010cv A® A 1 = K(A) , 

where ev denotes the duality pairing between A and A' . By the very definition of the multiplication in A' follows 
that the previous composite map defines a right A -action on K(A), which is obviously compatible with the left 
A-action. 

It remains to prove that the above right A ! -action is compatible with the Koszul differential. To see this, it is 
better to re- write the Koszul differential on K~ n (A), n>2, as 

K- n (A) = A® (A)- n ® P+ ,^ A®(A)-p® (A)-i ^ A ® V ® (A)- n+1 -^l A ® (A)- ,l+1 = K- n+1 (A), n > 2, 

p,q>l 

where fiA denotes the multiplication in A and the second morphism in the second line is the projection from A £ 
T c,+ (y) onto A: it annihilates any term on the left-hand side of A ® A of degree strictly smaller than -1 by the 
very definition of A and B. The Koszul differential from K^ 1 (A) to K°(^4) is induced by \ia- 

The coassociativity of both A and A + easily yields the compatibility between the Koszul differential and the right 
inaction. □ 

Slight modifications of the arguments in the proof of Proposition [472] yield a similar statement for quadratic- linear 
algebras: in particular, this applies to U(g) and its Koszul complex CE(g). 

5. The Aoo-bimodule structure over K = K 

For g as in Section we consider the two commutative algebras A = S(g) and B = A(g*). Observe that A is 
concentrated in degree 0, while B is non-negatively graded; in particular, both A and B may be regarded as flat 
Aoo-algebras. 

Set K = K: the natural augmentation maps on A and B make K into a left A-module and right i?-module 
respectively. 

According to [jQ, K is further endowed with a non-trivial J 4 (X> -A-.B-bimodulc structure: its restriction on the left- 
hand and on the right-hand side yields the previous natural left A- and right iJ-action respectively: in other words, 
if we denote by d^' , m,n > 0, the Taylor components of the Aoo-A-B-bimodulc structure on K, we have 

while d^° and d 1 ^ 1 are induced by the left A- and right S-action. 

Non-triviality means, on the other hand, that the Taylor components d K ' n , for both m, n non-trivial, is non-trivial, 
e.g. 

l,i , f(M), a eg, beB 1 =$*, 

m K (a®l®b) = < 

1 0, otherwise, 

and (•,•} denotes the duality pairing between g* and g. 

We refer to p] Subsection 6.2] and in particular for the present situation to [4] Subsections 3.1-3.3] for a detailed 
exposition of the Aoo-A-B-structure on K . We content ourselves here to recall the features which are relevant for 
later computations, referring to loc. cit. for proofs, motivations and discussions. 
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5.1. Admissible graphs, configuration spaces and superpropagators. First of all, the Taylor components 
d^' n of the Aoo-A-B-bimodule structure on K are described pictorially by the so-called admissible graphs, which we 
now describe in generality. 

Let Q + ' + denote the interior of the first quadrant in C. For a triple of non-negative integers (n,fc,Z), such that 
2n + k + I - 1 > (the meaning of the previous inequality will be clarified later on) , an admissible graph T of type 
(n, k, I) is a directed graph, whose set of vertices lies in Q + + u iR + uR + : more precisely, Y admits n distinct vertices of 
the first type in Q +,+ , k, resp. I, ordered vertices of the second type on iM. + , rcsp. M. + . Sec Figure 1 for an example of 
an admissible graph of type (5, 1,0). Observe that the ordering of the I vertices of the second type on R + is natural, 
while the ordering of the k vertices of the second type on iR + is defined via 

iyi < ••• < iy k <^V\> — > Vk- 

Moreover, Y admits multiple edges and short loops, i.e. there may be more than one directed edge connecting two 
distinct vertices of Y (the direction of all such edges is the same) and there may be directed edges, whose starting 
point coincides with the endpoint, respectively. In the present situation, as we will sec later on, admissible graphs 
do not admit multiple edges but may admit short loops. We denote by Q n ,k,l the set of admissible graphs of type 
(n,k,l); see also [H Subsubsection 3.3.1]. 

W.r.t. the choice of a basis {x^ of g as in Section [21 we identify A with K[xj]; similarly, we now identify B with 
K[9j], where now the partial derivatives {di} w.r.t. the linear coordinates {xi} are assigned degree 1 and anticommute 
with each other. 

We denote by C 2 o o the compactified configuration space of 2 distinct points in Q + ' + modulo rescalings (the I-cube) : 
it is a compact, oriented smooth manifold with corners of dimension 3. We consider now the only non-trivial 4-colored 
propagator on C 2 m the present situation: namely, we consider the smooth 1-form 

lu + ^(z 1 ,z 2 ) = — [d arg(zi - z 2 ) + d arg(zi - z 2 ) - d arg(z x + z 2 ) -d arg(zi + z 2 )] , 

for (zi,z 2 ) a pair of distinct points in Q + ' + . 

The combination of PQ Lemma 5.4] and [H Proposition 3.1] proves that cj + '~ extends to a smooth, closed 1-form 
on the compactified configuration space C 2 : we refer to [4j Lemma 3.4] for the full list of the boundary properties 
of cj +- ~. We may consider the identity morphism of g, which may be regarded as an element t of g* <S> fl[l]: w.r.t. 
the basis {xi}, t may be written as t = d Xi <8> Ld Xi , where l denotes contraction. It is clear that t extends to a graded 
biderivation on T po \ y (X) = S(g) ® a(jj*), for X = g* . Then, oj + ~ <g> r is a smooth, closed 1-form on C 2 with values 
in the endomorphism of the graded vector space T po i y (X) of degree -1 (whence its total degree is 0). 

We denote by C\ the compactified configuration space of a single point in Q + + modulo rescalings: it is a compact, 
oriented smooth manifold with corners of dimension 1. It admits a natural smooth, exact 1-form dr], which is the 
smooth extension to C^q of the exterior derivative of the normalized angle function 3 z \-* arg(z)/2-7r: observe 
that drj vanishes on the two boundary strata of codimension 1 of C\ . 

As X = g* is a vector space, we may consider the divergence operator div = on T po \ y (X) of degree -1 w.r.t. 

the standard volume form on X. It is then clear that rj <g> div is a smooth, exact 1-form on Cj 00 with values in the 
endomorphisms of T po i y (X) (it also has total degree 0). 

More generally, for a triple of non-negative integers satisfying the same inequality as above, we denote by k ; 
the compactified configuration space of n distinct points in Q + + , k, resp. I, ordered points in resp. R + , modulo 
rescalings: it is a compact, oriented smooth manifold with corners of dimension 2n+ k + 1 - 1 (whence the inequality). 

For an admissible graph Y of type {n, k, I), we denote by e a general oriented edge of Y: e may be denoted also by 
e = (vi,v 2 ), v\ and v 2 being its initial point and endpoint respectively. Observe that we allow v\ = v 2 ; of course, Vi 
may be either of the first or second type. 

Associated to a directed edge e of an admissible graph Y of type (n,k,l), there are either natural projections 
C* k,i ~* ^2,0.0; ^ e = ( v i, v 2), vi ± v 2 , or C* k j -* Ci Q , if e = (v,v), which simply forget all points in C* k l except the 
one(s) corresponding to the endpoint(s) of e. As is clear from the definition of 7r e and of G n ,k,i, the image of n e may 
be actually a boundary stratum (even of codimension 2) of C 2 . 

With the previous notation, we define the supcrpropagator ui^ associated to a general edge e of an admissible 
graph r of type (n, k, I) as 

\tt*(lj + --) <g> r e , if e= (v lf v 2 ), vi *v 2 
^TT*(drj) ® div„, ife=(v,v), 

2>(n+k+l) 



(7) 



where r e , resp. div„, is the endomorphism of T po i y (A) l8 '(™ +fc+ ^ acting as r on the components of T po i y (X) s 
corresponding to the endpoints of e and as the identity elsewhere, resp. as div on the component of T po i y (A) lS 
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corresponding to the vertex v and as the identity elsewhere. Therefore, for any directed edge e of T in G n ,k,h ^ ls 
a closed element of Q 1 (C^ M ,End(T poly (X)®( n+fe+/ ))) of total degree 0. 

5.2. Explicit formulae for the Aoo-A-B-himodule structure over K. With the help of the supcrpropagator ([7]). 
we proceed to define the A^-A-S-bimodulc structure over K. 

We first associate to r in Q* k l the following operator: 

(8) Off = /wm o f ]1 : r poly (X ) 8 ( n+fe+i+1 ) - K, 

JC t,k,l eeE(r) 

where ^„ +/c+; : T poly (X)®(' l+fc+/+1 ) = A®<~ n+k+l+ V ® B®( n+k+l+1 ) K® 2 ( n+fe+/+1 ) = K is the tensor product of the 
augmentation morphisms on A and B, and E(T) denotes the set of edges of T. We observe that the ordering in the 
product on the right-hand side of © is not important, as the total degree of each factor is 0. 

It is pretty obvious that the operator Or vanishes, if T contains multiple edges (any power of the operator-valued 
1-form ujff of degree bigger than 1 vanishes); no short loop can be attached to a vertex of the second type (the 
operator- valued 1-form wf vanishes, for e a short loop based on iR + uR + , because drj vanishes on the boundary 
strata of ). Finally, Or vanishes unless |E(T)| = 2n + k + I — 1, because the dimension of h l must be equal to 
the form degree, which in turn equals by definition the number of edges of T. 

Observe that there are natural injections of graded algebras A,B^ T po \ y (X). Then, the (non-shifted) Taylor 
component m^ of the A 00 -/l-.B-bimodule structure over K is defined as the composition 

(9) A® k ® K ® B® 1 < T poly (X) k+l+1 ^ ^ ^ k • , r y K . 

Here, K = K is regarded also as a subspace of T po \ y (X). The corresponding shifted Taylor components are denoted 
by d k ^ . It has been proved in [TJ Subsection 6.2] and [H Subsection 2.1] that K is a strictly unital Aoo-^-B-bimodule. 

5.3. The Aoo-bimodule structure on the A^, bar construction of A. We consider the Aoo-bimodulc structure 
over K specified by Formula; ©• Since A, B are flat, and A, K are strictly unital, Proposition implies that there 
is an Aoo-quasi-isomorphism of A x -A-B-\Avaod\Aes from A®_ A K to K. A direct computation implies that A®_ A K is 
a dg vector space concentrated in non-positive degrees; recalling (fT]), its A 00 -^4-i?-bimodule structure is given by 

/ 9-1 

d A® ^(a <2> (ai|---|a g ) ® 1) = si (ooi) ® (a 2 \-\a q ) ® 1 + £ H-) l a ® (ai\-\aia i+ i\~\a q ) ® 1 + 
~ A \ i=i 

+ (-l) 9 a® (ai|-fa g _i) ® e(a q )) , 
d A® Kr(ai|a® (ai|---|a g ) ® 1) = s((aai) ® (oi|— |a g ) ® 1) , 

d A« jf ( a ® (oil-K) ® l|&i|-|6n) = £*(ai ® (oil-loi) ® *" 1 (d£ :,,n (oj + i|-|a g |l|6i|-|6 B ))) , 

and, in all other cases, the Taylor components are trivial; s denotes here the augmentation map of A. 

The first identity in ((TU)) yields the identification between the dg vector space yA® A K, d° A ^ with the actual 
bar complex of the left augmentation module K = K over A, whence the name. 

Further, the identities (fTU|) imply that the left Aoo-^-module structure on the bar complex A®_ A K of K is the 
standard one, while the non-triviality of the Aoo-A-B-hivnodxAe structure on K yields non-triviality of the right 
^loo-S-modulc structure on A® A K. 

6. Deformation quantization of the ^Ioo-A-B-bimodule K 

We borrow notation from Section [SJ Let ft be a formal parameter as in Section [2] and consider the ft-shifted 
Kirillov-Kostant-Souriau Poisson bivector field hn. 

6.1. Deformation quantization of A. The formality ioo-quasi isomorphism Ua of Kontsevich [5] yields an asso- 
ciative algebra structure over Ah = A\[h]\, which we denote by (Ah,*h)' More precisely, if m^ denotes the stan- 
dard commutative, associative product on A, extended by ft-bilinearity to A^, the ft- formal bidifferential operator 
m\ h = m^ + Z^4(ft,7r) defines an associative product *h over Ah, and the properties of U imply 

ai *h 0-2 - a 2 *h ai = h[ai,a 2 ], a.egcAh. 

Observe that we may safely set ft = 1, see [5J Theorem 8.3.1] for an explanation thereof. Accordingly, we may thus 
consider the associative algebra (A, *a)- 
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We recall briefly the Duflo element vJ of g. By definition, \f~J is an invertible, g-invariant differential operator on 
A with constant coefficients of infinite order acting on A: it is a formal linear combination with rational coefficients 
of traces of powers of the adjoint representation of g on itself. We just recall that the rational coefficients of \fj are 
the (modified) Bernoulli numbers with generating function - e~ x )/x. 

Proposition 6.1. For g as in Section^ there exists an explicit algebra isomorphism from (^4,*) to (U(g),-), 

given by composition of the Duflo element \fj with the symmetrization (or PBW, short for Poincare-Birkhoff-Witt) 
isomorphism from A to U(g) (as vector spaces). 

For a detailed proof, wc refer to [21 Subsection 3.2]: actually, Proposition 16.11 has been proved elsewhere [HI 
Subsection 8.3] and |12) . but the techniques are quite different and moreover the modified Duflo element actually 
appears. The latter fact does not cause any problem, see 16.31 for a detailed explanation. 

6.2. Deformation quantization of B. Set X = g* , X = both viewed now as graded linear manifolds: then, 
A = O(X) and B = O(X). Furthermore, T po i y (X) = T po i y (X), thus n may be regarded as a quadratic vector field n 
on X, which squares to 0: viewed as a derivation of B, it obviously coincides with the Chevalley-Eilenberg differential 
d on the Chevalley-Eilenberg complex of g with values in the trivial g-modulc K. 

Let use consider the /i-shifted vector field tin on X. Then, the formality Loo-quasi isomorphism IAb [3] yields a flat 
Aoo-structure on Bf, = B\[h]\. More precisely, if nig denotes the standard commutative, associative product on B, 
extended by ft,-bilinearity to Bh, the ft- formal multidifferential operator m^ ft = + Kb (tin) defines an Aoo -structure 
on Bh~. since tm is a vector field, the results of [HI Subsubsubsection 7.3.1.1] imply that Ub^tt) = hn, hence Bh is a 
dg algebra with m^ = hd and wedge product m B = nig. 

We may thus safely set h = 1 and consider the deformation quantization of B as the Chevalley-Eilenberg complex 
of g with values in the trivial module IK. 

6.3. Deformation quantization of K. We now consider the A^-A-B-bimodule structure over K from Subsec- 
tion [ST^l according to the previous subsections, we consider the deformed algebras (Ah,*h) and (Bh,ds h ) (where 
ds ft denotes collectively the Aoo-algebra structure on Bh). Both Ah and Bh may be regarded as flat ^oo-algebras: 
we are interested in the corresponding deformation quantization of the Aoo-A-B-himodulc structure over K . 

According to [TJ Theorem 7.2] and [4j Theorem 3.5], such a deformation quantization is yielded by a formality 
ioo-quasi-isoruorphism U in presence of two branes (here, the two branes (or coisotropic submanifolds) of X are X 
itself and {0}). Then, m.K h = vcxk + U(hn) defines an Aoo- Ah- Bh-himodu\e structure over Kh = K\[h]\. 

More precisely, the (non-shifted) Taylor components m^ of the Aoo- Ah- Bh-bimodu\e structure on Kh are defined 
as the composed maps 

Al* k ® h K h ® h B®» 1 = (A® k 9 K 9 B®')\[h]\c- T poly (X)«( fc+i+1 )[[ft]J * K h , 

where all maps are extended ?i-linearly, and we borrowed notation from Subsections 15. 1[ 15.21 and 15.31 The corre- 
sponding shifted Taylor components are denoted by d k ^ h . 

We observe that arguments analogous to the ones in [HI Subsubsection 8.3.1] imply that h may be safely set to be 
1: by abuse of notation, we denote by d 1 ^ 1 and m^' the shifted and non-shifted Taylor components of the deformed 
Aoo-bimodulc structure over K : there is no risk of confusion, because from now on we will consider only the deformed 
.Aoo-bimodule structure. 

Proposition 6.2. The Taylor components mJ° and m^' are trivial unless k = I = 1; in the first case, the com- 
ponent m^° equals the augmentation map of A composed with the Duflo element \fl , while m^ 1 equals simply the 
augmentation map of B . 

Proof. Since A and K are both concentrated in degree 0, necessarily m^° is trivial unless k = 1. 

Let us therefore consider m^, for I > 1. Degree reasons imply that m^'(l, &i, . . . , bi) is non-trivial only if Y, l i=1 \bi \ = 
1 — 1. If r is an admissible graph of type (n,0,Z), then we claim 

0f T ( 7 r,...,7r,l,6 1 ,...,6O = O J 

TJ 

unless r is the only non-trivial element of Go.o,i- This also proves the claim that m^ 1 is the augmentation map of B. 

As I > 1, we claim that \bi\ > 1, for all* = 1, . . . , I. Otherwise, T would have a vertex 1 < i < I of the second type 
of valence (i.e. no edge would depart from or arrive to the said vertex). Assume first that I > 2 and that e.g. the 
first vertex of the second type is 0-valent: using rcscalings on C raj o,z, we fix the second vertex of the first type to 1. 
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Then, there is nothing to be integrated over the interval (0, 1), hence Oy is trivial. If I = 1, assume n > 1 and the 
only vertex of the second type to be 0-valent: using once again rescalings on G n ,o,i, we may fix on the unit circle one 
of the n vertices of the first type. Then, there is also nothing to be integrated over K + and therefore Op' vanishes. 

The computation of m^° has been performed in |14j . The only difference between the claim above and [14[ 
Proposition 17, Appendix B] is that the augmentation map is composed here with the actual Duflo element, while 
in [141 Proposition 17, Appendix B] it is composed with the modified Duflo element. 

The claim lies in computing explicitly m^°. Let T be an admissible graph of type (n, 1,0), for n > 0: observe 
that, by construction of , from a general vertex of the first type depart exactly two edges and to it arrives at 
most one edge because of the linearity of tt. Denote by p the number of edges hitting the only vertex of the second 
type on i~R + : as T admits no multiple edges, p < n. On the other hand, the polynomial degree in A of equals 
n- (2n-p) = -n + p > 0: namely, each vertex of the first type carries a copy of the linear bivector field 7r, and to every 
edge is associated by construction a derivative, thus 2n - p equals precisely the number of edges hitting vertices of 
the first type. Therefore, p = n: this means that from each vertex of the first type depart two edges, of which exactly 
one hits a vertex of the first type and the other one hits the only vertex of the second type. 

In other words, T is a disjoint union of wheel graphs W n , n > 1; observe that admissible graphs here admit short 
loops. Pictorially, such a graph V is of the form 







Figure 1 - The disjoint union V of the 1-wheel W\ and the 4-whecl W± 

The arguments in the proof of |14| Theorem 18, Appendix B] can be borrowed verbatim, but we have to keep track of 
the additional differential operator associated to the 1-wheel W\ . Slightly adapting the arguments of [H Subsubscction 
4.1.1] to the present situation, the operator equals precisely l/4ci, ci being the trace of the adjoint representation 

of 0. Therefore, m^° equals the augmentation map of A composed with the Duflo element \fl: the action of the 
automorphism exp(l/4ci) on the modified Duflo element (which corresponds to the total contribution coming from 
even wheel graphs), computed in Proposition 17, Appendix B], yields the actual Duflo element \fj. □ 

Observe first that the results of Proposition 16.21 are coherent with Proposition 16. II 

The presence of short loops in the formality theorem in presence of two branes is relatively new: short loops did 
not appear neither in the seminal paper pT] , nor in [5] , where formality in presence of two branes has been applied 
to problems in Lie algebra theory. They have been first introduced to correct a slight problem (until then passed 
unnoticed) arising from a regular boundary contribution to the 4-colored superpropagators on the boundary stratum 
C2 X C 10 of C^o.o, see [U Subsection 7.2] and [U Section 1] for more details. 

The following technical Lemma has already been used in [2J Subsection 3.2] without proof: we present here a 
concise proof, and we comment it afterward. 

Lemma 6.3. The trace of the adjoint representation c\ of a finite- dimensional Lie algebra g over K is a derivation 
of the deformed product * a on A, i.e. c\(a\ *a 02) = c\(a\) *a 0,2 + 0,1 * Ci(fl2), a; in A. 

Proof. Recall from [5] that the L<x>-quasi- isomorphism Ua maps MC (shortly for Maurer-Cartan) elements of T po i y (X) 
to MC elements of D po i y (X), the Hochschild subcomplex of multidiffcrcntial operators on A. We further consider the 
1-dimensional Grassmann algebra K[e] and accordingly T po i y (A)[e], D po i y (X)[e] with the induced dg Lie algebra 
structures and the e-linear extension Ua- 

Since ci is g-invariant, 7r + tc\ is a Maurer-Cartan clement of T po i y (A)[e], hence + Ua{^ + eci) is also a MC 
element of D po i y (A)[e]. A general MC element 7 of D po i y (A) splits as 71 + £70, 71 a bidifferential operator and 70 
a differential operator: the corresponding MC equation implies that i) xha + 71 defines an associative product on A 
and ii) 70 is a derivation for the product m^ + 71. 

It suffices now to evaluate Ua(^+ eci): it splits as Ua(tt) + eci, because the higher Taylor components of Ua vanish 
if at least one of their arguments is an affine vector field, see [H Subsubsubsection 7.3.3.1]. □ 
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Lemma [6 . 3 1 implies . in particular, that exp(l/4ci) is an automorphism of (A, *a), therefore there is no contradiction 
actually between [TJJ Proposition 17, Appendix B] and Proposition ^. 2[ we may choose either the actual Duflo element 
\fj or its modified version. 

6.4. Relationship with the Chevalley Eilenberg complex CE(g). Borrowing notation from the previous Sub- 
sections and Section 21 we consider the graded vector space A® B* = S(g) ® ^(g) = we endow it with a dg 
bimodule structure via 

d(a(9 n -9 t J) = i(-l) k+1 (a* A x ik )(e il -eT k -e ig ) + Y, ( \) L i fi ,a(0/J, 

k=l l<k<l<q 

m L (ai ® (aO 1 )) = (ai * A 0)9*, 

m R ((a9 I )®b 1 ) = (-lf^a®b 1 (9 I ), 

where we have used the identification B = K[9gJ. 

We further consider the (twisted) augmentation map eo \fj from (A, *a) to K. 

Proposition 6.4. For g as in Section^ there is a commutative square of dg bimodules 

, e°(%/7®l) 

A & B 

(PBWo\/7)8il 

CE(g) 

where the dg bimodule structure on the upper, resp. lower, row is described above, resp. in Section^' the horizontal 
arrows are quasi- isomorphisms of dg vector spaces, and the vertical arrows are actual isomorphisms of dg bimodules, 
PBW denotes the PBW isomorphism of vector spaces and \fj is the Duflo element. 

Proof. The proof follows immediately from the definition of the dg bimodule structures on CE(g) and A ® B* and 
Propositions 16.11 and 16.21 □ 
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Therefore, we may rightfully call the 4-tuple (^4® -E>*,d,niL,niR) the Chevalley-Eilenberg complex of g. 

7. An explicit A^-quasi-isomorphism between the deformed A^ bar complex and the 

Chevalley-Eilenberg complex of A 

We consider the deformed flat Aoo-algebras A, B and the deformed flat ^4 00 -yl-.B-bimodulc K from Section [51 and 
the corresponding J 4 cx) -yl-.B-bimodule A§>_ A K : degree reasons and the results of Section imply that Formula; ([Tu]) 
must be modified as 

d A® A a ® (°i|-K) ® 1) = 4 (a* A ax) ® (a 2 \-\a q ) ® 1 + £ (-l) 4 a ® (ai|---|a* * A a i+1 \-\a q ) ® 1 + 
~ A \ i=i 

+ (-l) 9 a® (ai|-|a 9 -i) ® e(V7(a 9 ))) , 
d A« K (ai\a®(ai\—\a q ) ® 1) = s((a* A ai) ® (ai|— |a g ) ® 1) , 

— A 

d°£ K {a®(a x \-\a q ) ® 1|& X |-|M = (-1) 9 £ 4^ ® (ffihfo) ® a -1 (d^''" (a z+1 1- ■ -13, | l|6i 1-16^) ) ) , 
_A 1=0 

borrowing notation from Sectional (The remaining Taylor components arc, as before, trivial.) 

Since A®_ A K and A ® B* are both resolutions of the (left) augmentation module K over A, arguments from 
abstract homological algebra imply that they are quasi-isomorphic to each other as complexes of free left A-modules. 
More precisely, there is a natural quasi-isomorphism from A ® B* to A®_ A K as complexes of left A-modules 

(12) HOn-K) = E ("1) CT 1 ® (^(n)|-K(i a )) ® 1, 1 <h< - <h<d. 

creS, 

It suffices to define the morphism $ on monomials of the form 9i 1 ---9i , and then extend it A-linearly on the left. It 
follows immediately that $ is of degree and commutes with left ^4-action. 

An easy computation shows that $ commutes with differentials. It is a quasi-isomorphism since $(1) = 1. 

Theorem 7.1. For g as in Section^ the morphism (|12|) defines a strict A^- quasi-isomorphism from A® B* to 
A®_ A K , where the A^-A-B -bimodule structures on A®B* and A®_ A K are described in Subsection \6.4\ 
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Proof. We know that (fT2"|) is a morphism of degree from A* ® B to A®_ A K: we declare (the conjugation w.r.t. s of) 
4> to be the (0,0)-th Taylor component of the desired Aoo-quasi-isomorphism, while for (m,n) such that m + n > 1, 
we set simply 0. In other words, $ is a strict Aoo-morphism between A rx> -A-B-bmiod~ules. 

As $ is a strict Aoo-morphism, and recalling that A® B* is a dg bimodule and the Taylor components the 
only non-trivial identities to be checked are 

(13) ^ Ali (Hv)\bi) = <f(d^ B »(#i)), 

(14) d%_ x ($(r ? )|6 1 |-|6 p )=0, p>2, 



—A 



for 6j, i = 1, . . . ,p, resp. ij, a general element of B, resp. A <£>£>*. Here, we have denoted by d^ B * the (shifted) Taylor 
component of the j4cx>-bimodulc structure on A ® B* corresponding to xsxr. 

We prove first Identity (fH|) : A-linearity implies that we may take r\ of the form O^-'-Oi , 1 < i\ < ■■■ < i q < d. 
Recalling now Identity (|12p . we rewrite the left-hand side in (fT3]) as 



i=0creS 9 

We now analyze the last factor on the right-hand side: first of all, degree reasons imply that, for < I < q, 

-(?- - 1 + £(N -i) + i = -i<=»E N = p+ « - « - 1- 

We consider an admissible graph T of type (n, g - n > and I, q, p as before. 

We first assume n > 1. By construction, from each vertex of the first type of T depart exactly two edges and 
to it arrive at most one edge; the q - I vertices of the second type on iM. + can be only endpoints of edges, while 
the vertices of the second type on R + can be only starting points of edges of T. The arguments in the proof of the 
first statement of Proposition 16.21 imply that from each vertex of the second type on K + of T must depart at least 
one edge. Similar arguments imply that every vertex of the second type on zK + of T is the endpoint of exactly one 
edge (observe that the arguments in A are of polynomial degree 1). We now consider the polynomial degree of the 
corresponding multidifferential operator acting on {x a ^ il+1 ^ . . . )}: it is precisely 

(p \ v 

2n+ Y,\h\ ~ (q-l) I = -n-Y,\h\ + q-l = -n-p+l. 
i=i I i=i 

Observe that the first copy of n appears because there are n copies of a linear bivector field; to each edge is associated 
a derivative, and the number of derivatives acting on the copies of 7r equals 2n plus the sum of the degrees of the 
elements hi of B minus the number of arrows hitting the q - I vertices of the second type on iR + . The latter number 
is precisely q - 1 by the previous arguments. As n > and p > 2, the inequality -n - p + 1 > is never satisfied, whence 
the claim. 

If n = 0, we may borrow the arguments of the proof of Identity (11) of [51 Theorem 5.1], and the claim follows. 
It remains to prove Identity ([T5|). We first evaluate the right-hand side: using the arguments of Section HI we may 
write b\ = dj 1 ---dj , whence the right-hand side takes the form (-l)^ p+1 ^$(6i(?7)), where di = dg^ 
The left-hand side of Identity (|T5|) has the explicit form 



K(Hv)\bi) = (-iyZ E (-l)^(l®(x CT(4l) |-Hx CT(4i) )® S - 1 (d^' 1 (x (T(li+l) |...|x (T(4g) |l|6 1 )) 

2=0 aee, 

= ("I)" E (-1)^(1® (*«r(u)l"K(i„)) ® S~W(MVp + i)I"K(* 9 )I%)) , 



where the second equality follows because of degree reasons. 

First, if q < p - 1, by degree reasons both sides of Identity (fT3|) vanish: this follows immediately from the previous 
formulae. It remains therefore to prove the claim in the case q < p. 

We consider an admissible graph T of type (n,p, 1) for n > 1. Repeating verbatim the arguments in the previous 
paragraph with obvious due changes, we find that the polynomial degree of the corresponding multidifferential 
operator acting on {x<j(i q - p+1 ), ■ ■ ■ i x a{i q )} is precisely -n: as n> 1, the inequality is never satisfied. 

This forces n = 0, therefore by its very construction, d p ^ 1 (x a ( iq _ p+1 )\-"\X(j(i q )\Mbi) equals the non-deformed corre- 
sponding expression. This has been in turn computed explicitly in the second part of the proof of [U Theorem 5.1], 
to which we refer for details. 

Hence, the claim follows. □ 
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